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Calculation Method of Coupling Coefficient for 
Circular Coils with Bilateral Double-Layer Bounded 

Magnetic Shielding
Pengjie GUI, Zhiyuan LIN, and Zhongqi LI

Abstract—The calculation of coupling coefficient between coils 
is crucial for optimizing the efficiency of wireless power transfer 
(WPT) systems. For bilateral double-layer bounded magnetic 
shielding circular coils under horizontal displacement conditions, 
the accurate calculation of coupling coefficients currently relies 
mainly on time-consuming large-scale finite element simulations. 
To address this problem, the coupling model is divided into subregions 
using boundary conditions, the magnetic vector potential in each 
region is solved through Maxwell’s equations, and a formula 
for the coupling coefficient of coaxial double-layer bounded 
magnetically shielded circular coils is derived. Additionally, a 
double-layer boundary vector-equivalence method is proposed,  
and the coupling coefficient formula for a circular coil with bilateral 
double-layer bounded magnetic shielding under horizontal offset  
is derived using spatial geometric relationships. The reliability  
of the proposed method is corroborated by the calculated, simulated, 
and laboratory-obtained values. The errors between calculated  
and simulated values are not more than 3.95%, and between  
calculated and laboratory-obtained values are not more than 
4.51%, which confirms the accuracy of the proposed method. 
Furthermore, a significant computational speed advantage is 
demonstrated by the proposed method compared to simulation. 

Index Terms—Coupling coefficients, magnetic vector potential, 
vector boundary formulation, wireless power transfer.

I. Introduction

WIRELESS power transfer (WPT) technology has 
emerged as a disruptive innovation in power electronics,  
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enabling contactless energy transmission through electromagnetic 
coupling. This breakthrough addresses spatial constraints 
inherent in conventional wired systems while demonstrating 
superior performance in operational convenience, deployment 
flexibility, transmission reliability, and safety assurance. WPT 
systems have been widely implemented in transportation (electric 
vehicle charging), aerospace (satellite power systems), medical 
devices (implantable electronics), and underwater power  
applications (submarine equipment)[1]-[14]. The expanding 
applications of WPT technology, particularly in industrial and 
consumer electronics, have led to the development of diverse 
system architectures with varying power levels and transmission 
distances. Multilayer magnetic shielding, which provides superior 
eddy current suppression compared to single-layer designs, 
is typically employed to enhance electromagnetic shielding 
performance and improve coupling capability in WPT systems 
for different applications. In practical implementations, coil 
horizontal offset inevitably occurs due to installation tolerances  
or operational movements. Therefore, developing accurate  
calculation methods for coupling coefficients in bilateral  
multilayer shielded circular coils under horizontal offset is 
crucial for WPT systems, as it directly impacts system efficiency  
optimization and stability control. These calculation methods serve 
as fundamental tools for designing high-performance WPT 
systems with robust misalignment tolerance.

The current coupling coefficient calculation relies on precise 
mutual inductance estimation. Global research efforts have 
yielded diverse computational approaches for determining 
circular coil coupling parameters. When neither the receiver 
nor the transmitter has magnetic shielding, [15] and [16] apply 
the Biot-Savart law to compute the mutual inductance under 
arbitrary coil displacements. This is achieved by calculating  
the magnetic flux density and performing numerical integration. 
[17] and [18] propose an elliptic integration computational  
approach for determining inductive coupling between spatially 
misaligned circular coils, enhancing both computational speed  
and accuracy. [19] employs Euler angles to compute the magnetic 
coupling coefficient between two planar helical coils in arbitrary 
spatial configurations.

Incorporating magnetic shielding into the coil improves system  
coupling and reduces interference. For mutual inductance  
calculation with magnetic shielding, [20] proposed an analytical 
method using Fourier-Bessel expansion. It derives the mutual  
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inductance expression for coaxial and horizontally offset circular 
coils, assuming the shielding material has infinite extent. [21] 
derived mutual inductance formulas for double-layer shielded 
circular coils in arbitrary positions using electric field strength 
and coordinate transformation. However, the assumption of 
infinite shielding extent in the horizontal plane limits practical  
applicability. For bounded magnetic shielding, [22]-[24]  
developed a truncated region eigenfunction expansion method  
to compute mutual inductance, expressing it in terms of magnetic  
vector potential. However, these studies only consider shielding  
on one side. [25] established a geometric-to-inductance mapping 
for bilateral bounded shielding coils using magnetic reluctance  
theory but was limited to coaxial configurations without  
addressing horizontal offsets. [26] and [27] simplify calculations 
using a core-less equivalent circuit, but only consider single- 
layer magnetic media. Similarly, although [28] derives the 
coupling coefficient under horizontal displacement, its theory 
is still limited to single-layer media and does not address the  
modeling of actual multi-layer shielding structures. In summary,  
for the bilateral multi-layer bounded magnetic shielding circular 
coil model, this paper proposes a more practical method for 
calculating the coupling coefficient of two layers.

A coupling model for bilateral double-layer bounded  
mag-netically shielded circular coils with horizontal offset is  
established in this paper. First, the model is partitioned into 
subregions using boundary conditions. The coaxial coupling 
coefficient is then derived by solving the magnetic vector  
potential of each subregion via Maxwell’s equations. Second, a 
double-layer boundary vector equivalence method is proposed, 
and the horizontal-offset coupling coefficient is derived through 
spatial geometry analysis. Finally, the method is validated 
through numerical computation, finite-element simulation, and 
experimental measurement.

II. Calculation of the Coupling Coefficient 
Between Coaxial Circular Coils

A. Calculation of the Magnetic Vector Potential in Multi- 
Region Systems

To improve magnetic shielding performance and accom- 
modate various application requirements, a circular coil with 
bilateral double-layer bounded magnetic shielding is proposed 
for the wireless energy transmission structure, as illustrated in 
Fig. 1.

Based on the cross-section of Fig. 1, Fig. 2 shows the model- 
ed cross-section of a bilateral double-layer bounded magneti-
cally shielded circular coil. The model divides into ten distinct 
regions bounded sequentially by planes at z = -d5, z = -d4, z = 
-d3, z = 0, z = z1, z = z4, z = z5, z = z6, and z = z7. ∆z represents 
the axial offset between coil centers, with r1 and r2 denoting 
the transmitter and receiver radii respectively. The shielding 
materials have radii c1, c2, c3 and c4 with uniform thickness, 
separated by an air gap ∆d. The relative permeabilities µr1, µr2 
and conductivities σ1, σ2 characterize each shielding layer. h 
is the hypothetical truncation distance of the magnetic vector 

potential. The transmitter carries current Ie jωt , with amplitude I, 
angular frequency ω and time variation t.

Since both the magnetic shielding material and the coil in 
this transmission model are circular, this transmission structure 
has symmetry. Therefore, the magnetic vector potential A has 
only one component, and the direction of this component is 
uniformly distributed. Consequently, The electromagnetic field 
equations formulated in terms of the vector potential A can be 
simplified:

              (1)

where  is the Laplace operator, µ denotes the permeability, 
and J is the current density. Applying separation of variables  
to (1) yields the magnetic vector potential A(r, z) satisfying:

w w       (2)

In the above equation, Ao, Bo, Co, and Do denote the coeffi-
cients of each subregion, where subscript o serves as an index 
without physical meaning. The parameter w is the eigenvalue, 
satisfying w2 = η2 - jwµ0µrσ, where µ0 is the vacuum permea-

Fig. 1. 3D structure of a circular coil with double-layer magnetic shielding.

Fig. 2. Cross-section of a circular coil with double-layer magnetic shielding.
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bility, and µr and σ are the relative permeability and conductivity 
of the shielding material. Here, J1 (wir) and Y1(wir) represent 
the first-order Bessel functions J1 and Y1 (of the first and second 
kind, respectively), with i ranging from 1 to ∞ .

Since the magnetic vector potential must maintain finite 
values, while Y1 (wir) diverges at the origin (r→0), to ensure 
convergence, the radial magnetic flux density Bs vanishes in re-
gions 1, 3, 5, 6, 8, and 10, where the magnetic vector potential 
A(r, z) in these regions takes the form:

w w                         (3)

w w w                  (4)

w w w                  (5)

w w w                  (6)

w w w                 (7)

w w                        (8)

For eigenvalues w in (3)-(8), that can be determined by im-
posing the boundary condition that A is zero at the truncation 
boundary h. The eigenvalues are obtained when the non-expo-
nential component vanishes at the boundary h. Consequently, 
the magnetic vector potential vanishes when J1 (wih) is 0, 
where J1 denotes the Bessel function of the first kind.

The inclusion of magnetic shielding materials in regions 2, 
4, 7, and 9 introduces additional complexity to the boundary 
conditions. The domain partitions into air-filled regions and 
magnetic shielding material regions, where the solution in each 
subdomain can be expressed using boundary conditions and 
convergent Bessel function expansions:

x                      (9)

                   (10)

                  (11)

                  (12)

                  (13)

                  (14)

                   (15)

                  (16)

where “al” denotes the aluminum plate material, “fer” denotes 
the ferrite material, and “air” denotes the air medium. q and x 
are the regional eigenvalues and satisfy q2 = p2 - jwiµ0µr1σ1, x

2 = 
s2 - jwiµ0µr2σ2, R(pir) = AiJ1(pir) + BiY1(pir), and R(sir) = AiJ1  
(sir) + BiY1(sir), where the eigenvalues can be solved using R 
(pih) = 0 with R(sih) = 0.

B. Calculation of Mutual Inductance and Self-Inductance Be- 
tween Circular Coils

The continuity conditions for normal and tangential com- 
ponents apply to the B-field and H-field of the system alike. 
Using this condition, the boundary conditions are satisfied as 
follows when the radius of the magnetic shielding material is r, 
taking region 2 as an example:

J1(xic1) = A2J1(sic1) + B2Y1(sic1)                    (17)

           (18)

The solution for A2 and B2 can be obtained by solving the 
simultaneous (17) and (18).

      (19)

       (20)

Similarly one can find the coefficients A4, B4, A7, B7, A9, B9 
in regions 4, 7, 9. Using the boundary conditions between each 
neighboring region one can obtain the following:

Am(r, zn) = Am+1(r, zn)                               (21)

                 (22)

Due to the presence of Bessel and Neumann functions in 
the proposed formula, which ensures rapid convergence, an 
approximation can be obtained by considering only a finite 
number of terms in the magnetic vector potential series. Taking  
(3) as an example, when i takes the first n terms, both sides of 
the equation are multiplied by J1(wir)·r, integrating over r 
from 0 to the truncated region h. Applying the orthogonality of 
Bessel functions yields the following simplified form:

d    (23)
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Similarly, the above method can be used to convert (21) and 
(22) into matrix form. Then, using Cramer’s rule, the unknown 
coefficients D1 - D9 and C2 - C10 can be obtained. The solution 
process is shown in the appendix.

To determine the system’s mutual inductance, only the mag-
netic flux through region 5 needs to be considered. The mutual 
inductance can then be expressed as:

              (24)

The self-inductance parameter of the transmitting coil, L1, 
and the self-inductance parameter of the receiver coil, L2, can 
be calculated by considering identical coil geometries, while 
the mutual inductance at zero coaxial distance is derived by 

             (25)

             (26)

The coupling coefficient k is given by (27)

                                    (27)

III. Calculation of Inter-Coil Coupling Coefficient 
at Horizontal Offset

For horizontal offset analysis in double-layer magnetic 
shielding, a boundary vector equivalence method is proposed. 
Fig. 3 shows the cross-section after offset application, where 
l denotes the + x-axis offset. The initial radius of the original 
double-layer magnetic shielding is added and subtracted from 
the horizontal offset, respectively, and is equivalent to a large 
double-layer magnetic shielding material and a small dou-
ble-layer magnetic shielding material. The radii after the equiv-
alence are brought into the original parameters c1 and c2 to find 
the coefficients C5 and D5 of region 5.

In Fig. 3, the radius of the coaxial magnetic shielding ma-
terial after the equivalent c ′

1 and c ′′
1 , with respect to c1, can be 

described by the matrix expression as follows:

                                (28)

To analyze the receiver coil’s horizontal offset, Fig. 4 pres-
ents the corresponding 3D schematic. The parameter l rep- 
resents the horizontal offset distance from the z-axis symmetry 
center. Considering point P1 on the coil, its differential tangent 
vector element is denoted dl as its tangent component, and the 
tangent Af of the Coil with r(θ) as the radius is the magnetic 
vector potential component, and the angle of both of them is λ.

The parametric equations of the receiver coil and coil are 
established separately as follows:

                                       (29)

                                  (30)

When offsetting the receiver coil alters its relative position, 
the following relationships hold

                                  (31)

Based on the geometric relationships

                                 (32)

The corresponding tangent vectors are obtained by deriva- 
tives of θ and φ in (28) and (29), respectively.

                   (33)

Finally, the solution is obtained by substituting the cosine 
value between the two vectors into (24).

            (34)

The horizontal offset coupling coefficient k is calculated by 
substituting (34), (25), and (26) into (27). Similarly, this meth-

Fig. 3. Schematic cross-section of the two-layer boundary vector equivalence 
method after horizontal offsetting.

Fig. 4. Receiver coil horizontal offset 3D structural diagram.
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od extends to multi-layer magnetic shielding structures of arbi-
trary sizes. The proposed calculation method calculates circular 
planar helical coils as concentric circles with different radii, so 
there are some minor errors.

IV. Simulation and Experimentation
To validate the proposed formula for horizontal-offset cou- 

pling coefficients in doubly-bounded magnetically shielded 
circular coils, simulations are performed using Ansys Maxwell, 
with results shown in Fig. 1. Experimental measurements use 
an IM3536 LCR meter at an 85 kHz operating frequency. For-
mula validity and computational efficiency are verified through 
comparative analysis of vertical/horizontal offsets and compu-
tation time. The experimental configuration appears in Fig. 5.

The mutual inductance measurement principle using an 
impedance analyzer is that the transmitter coil and receiver 
coil forward series results in L1+L2+2M; reverse series results 
in L1+L2-2M; and the mutual inductance M is determined by 

the following fundamental relation: M = (L1-L2)/4. Table I lists 
the coil and magnetic shielding parameters. For experimental 
consistency, all shielding materials share identical radius and 
thickness specifications. Given the negligible air-gap effect in 
practical operation, we set ∆d = 0 for simulations.

For the purpose of analysis, it is necessary to define the 
simulation error coefficient ε1 and the experimental error  
coefficient ε2 for the coupling coefficients, as shown in (35) 
and (36):

                                  (35)

                                  (36)

where kc, ks, and ke represent the calculated, simulated, and ex-
perimental coupling coefficients, respectively.

A. Vertical Offset

The receiver side magnetic shielding material and the re- 
ceiver coil are collectively referred to as the receiver side in this 
paper, and for the receiver side vertical offset experiment, the 
receiver coil is set to be vertically offset from z2 = 22 mm along 
the + z-axis to z2 = 112 mm in steps of 10 mm in sequence, as 
shown in Fig. 6.

The vertical separation distance on the receiver side is ∆z in 
the figure, and the dashed line is the starting position of the re-
ceiver side before the offset. The measured coupling coefficient 
data and error comparisons for the receiver side vertical offset 
are shown in Table II. The errors ε1 of the coupling coefficients 
of the calculated and simulated values are not greater than  
3.95%, and the errors ε2 of the coupling coefficients of the 
calculated and experimental values are not greater than 4.51%. 
The results of the coupling coefficients of the computational re-
sults with the numerical simulations and the experimental mea-
surements are in good agreement. Combined with Table II, the 
calculated, simulated, and experimental coupling coefficients 
with the vertical distance of the receiver side are established as 
shown in Fig. 7.

Fig. 5. Experimental setup diagram.

Fig. 6. Schematic of the vertical offset on the receiving side.
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TABLE I
Coil and Magnetic Shielding Material Parameters

Symbol Parameter Value

T1 Transmitter coil turns 17

T2 Receiver coil turns 18

Rt0 Transmitter coil initial radius 35 mm

Rr0 Receiver coil initial radius 25 mm

∆R Radius change 1.1 mm

z1 Transmitter coil height 12 mm

z2 Receiver coil height 22-112 mm

z3 Receiver side magnetic shielding 13 mm

c2, c3 Ferrite material radius 48.5 mm

c1, c4 Aluminum plate material radius 50 mm

d Thickness of magnetic shielding material 5 mm

µr1 Ferrite relative permeability 2800

σ1 Ferrite conductivity 0.01 S/m

µr2 Relative permeability of aluminum plate 1.000021

σ2 Aluminum plate conductivity 3.8 × 107 S/m

c

o

c
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Analysis of Fig. 7 reveals that the coupling coefficient grad- 
ually decreases as the perpendicular distance between receiver 
and transmitter coils increases, because the enhanced coil 
separation progressively reduces their magnetic flux linkage, 
thereby diminishing the coupling degree.

B. Horizontal Offset

In the horizontal offset experiment on the receiver side, z2 is  
set to 72 mm, and the vertical distance (∆z) between the receiver  
coil and the transmitting coil is 60 mm. The receiver side starts 
at a horizontal distance l = -50 mm and is offset along the  
positive x-axis in 10 mm increments up to l = 50 mm. The  
experimental setup is illustrated in Fig. 8. The measured coupling 
coefficients and their corresponding errors for horizontal offset 
are presented in Table III. l denotes the horizontal offset distance.

Analyzing Table III, it can be seen that the errors of both the 
calculated value coupling coefficients and the simulated value 
coupling coefficients are not greater than 3.69% at the lateral 
displacement of the receiver assembly. The error ε2 between 
the calculated value coupling coefficient and the experimental 
value coupling coefficient is not more than 2.51%. The results 
of calculated values and simulated and experimental values 

have good agreement at the lateral displacement of the receiver 
assembly. Combined with Table III, the variation curves of the 
coupling coefficients of the calculated, simulated, and experi-
mental values with the horizontal offset of the receiver side are 
established as shown in Fig. 9.

Fig. 7. Vertical offset coupling coefficient variation graph.

Fig. 9. Plot of variation of horizontal offset coupling coefficient at receiver side.

Fig. 8. Schematic diagram of horizontal offset on the receiver side.

TABLE II
Coupling Coefficients and Errors for Vertical Offsets on 

the Receiver Side

TABLE III
Coupling Coefficients and Errors at Horizontal Offset on 

the Receiving Side

∆z/mm kc ks ke ε1/% ε2/%

10 0.5823 0.5711 0.5782 1.97 0.71

20 0.3911 0.3796 0.3906 3.05 0.14

30 0.2615 0.2570 0.2585 1.75 1.14

40 0.1766 0.1780 0.1818 0.80 2.90

50 0.1234 0.1262 0.1266 2.26 2.56

60 0.0935 0.0915 0.0912 2.15 2.51

70 0.0651 0.0677 0.0672 3.95 3.16

80 0.0492 0.0511 0.0515 3.83 4.51

90 0.0381 0.0393 0.0388 3.08 1.91

100 0.0303 0.0307 0.0309 1.25 2.12

l/mm kc kt ks ε1/% ε2/%

-50 0.0411 0.0423 0.0421 2.86 2.35

-40 0.0565 0.0563 0.0563 0.32 0.25

-30 0.0724 0.0698 0.0738 3.69 1.87

-20 0.0834 0.0812 0.0837 2.69 0.31

-10 0.0916 0.0888 0.0896 3.09 2.26

0 0.0935 0.0915 0.0912 2.15 2.51

10 0.0916 0.0889 0.0903 3.05 1.46

20 0.0834 0.0813 0.0828 2.62 0.73

30 0.0724 0.0699 0.0713 3.57 1.57

40 0.0565 0.0564 0.0556 0.12 1.58

50 0.0411 0.0424 0.0410 3.07 0.25

c
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Fig. 9 analysis reveals that at constant vertical height, as the 
receiver moves left or right along the x-axis (with z as central 
axis), the coupling coefficient decreases with increasing dis-
tance from the z-axis. This occurs because the structure’s mag-
netic flux diminishes radially outward from the center, causing 
the coupling coefficient to decrease proportionally with hori-
zontal offset distance.

C. Receiver Coil Turns Change

To verify the validity of the method for turn variations, only 
the receiver side coil turns were varied, keeping other parame-
ters identical to Table I. The receiver side turns (N2) increased 
from 14 to 23 in one-turn increments, with coupling coeffi-
cients recorded at 50 mm coaxial height, as shown in Table IV. 
Table IV shows that when the receiver coil turns vary from 14 
to 23, the simulation error of the coupling coefficient remains 
no greater than 2.19% and experimental errors are not greater 
than 2.80%, validating the calculation method. Based on Table  
IV data, Fig. 10 plots the calculated, experimental, and simulated 
coupling coefficients versus turn count varia- tions.

D. Comparison of Computation and Simulation Speed

This paper proposes an integrated computational model for 
systematically comparing the performance between Matlab 
programs and Ansys Maxwell simulations in electromagnetic 
system analysis. The study focuses on evaluating the coupling 
coefficients of bilateral double-layer magnetically shielded 
horizontally offset circular coil structures. Under identical 
hardware conditions (excluding Maxwell’s initial modeling 
time), rigorous tests were conducted to ensure fair comparison. 
As shown in Table V, significant differences in computational 
efficiency were observed between the two approaches. The 
investigation examined three key variables. vertical offset dis-
tance, horizontal offset displacement, and receiver coil turns 
variation. Multiple trials were performed and average compu- 
tation times were recorded to ensure statistical reliability.

Table V shows the Ansys Maxwell simulation averages 
289.4 s for vertical offset, compared to 2.78 s for the Matlab 
program. Horizontal offset simulations average 278.4 s (Max-
well) versus 2.75 s (Matlab). Per additional coil turn, Maxwell 
requires 20.9 s versus 0.06 s of Matlab, demonstrating our 
method’s substantial speed advantage.

E. Comparison of Domestic and International Calculation 
Methods

The proposed boundary vector equivalence method achieves 
superior performance in horizontal offset coupling coefficient 
calculation, demonstrating a maximum error of 4.51%. Table 
VI presents comparative results with existing methods from 
literature.

The abbreviations and acronyms presented in the table are 
explicitly defined and explained as follows: DTD stands for 
different transmission distances, HO represents horizontal  
offset, FMS denotes bounded magnetic medium, DS indicates 
that the magnetic medium demonstrates bilateral symmetry 
characteristics, and ERR signifies the maximum allowable 
computational error percentage.

Fig. 10. Coupling coefficient curve when the number of turns of receiver coil 
changes.

TABLE IV
Coupling Coefficients When the Number of Turns of the 

Receiving Coil is Varied

TABLE V
Coupling Coefficients When the Number of Turns of the Receiver 

Coil is Varied

N2 kc ks ke ε1/% ε2/%

14 0.0834 0.0828 0.0842 0.72 -0.95

15 0.0865 0.0851 0.0874 1.65 -1.03

16 0.0885 0.0872 0.0891 1.49 -0.67

17 0.0912 0.0894 0.0904 2.01 0.88

18 0.0935 0.0915 0.0938 2.19 -0.32

19 0.0955 0.0936 0.0942 2.03 1.38

20 0.0974 0.0957 0.0966 1.78 0.83

21 0.0998 0.0977 0.0969 2.15 2.99

22 0.1011 0.0997 0.0983 1.40 2.85

23 0.1045 0.1016 0.1025 2.85 1.95

∆z/mm ta/s tb/s l/mm tc/s td/s N2 ta/s tb/s

10 300 2.7777 -50 268 2.3827 14 209 2.2645

20 294 2.7737 -40 278 2.9921 15 230 2.2832

30 295 2.8111 -30 287 2.8100 16 254 2.3711

40 278 2.8956 -20 284 2.9646 17 278 2.4647

50 266 2.6279 -10 266 2.9646 18 304 2.5044

60 282 2.8171 0 304 2.7282 19 326 2.6362

70 304 2.8262 10 258 2.8922 20 361 2.6656

80 309 2.7725 20 286 2.6042 21 387 2.7422

90 286 2.7689 30 271 2.6494 22 401 2.8163

100 288 2.7952 40 282 2.5862 23 424 2.8940

110 281 2.7235 50 266 2.2565 24 440 2.9630

0.11

0.10

0.09

0.08

0.07

0.06
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Turns N2

Calculated value
Simulation value
Experimental value
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V. Conclusion
This paper addresses the coupling coefficient calculation 

for horizontally offset circular coils with bilateral double-layer 
bounded magnetic shielding. The model divides the coupling 
region into subdomains by boundary characteristics and solves 
the magnetic vector potential of each region using Maxwell’s  
equations and employs a double-layer boundary vector equiva- 
lence method to calculate magnetic shielding material off-
sets. Combined with spatial geometric relations, this enables 
coupling coefficient calculation for horizontally offset coils. 
The validity of the method is confirmed through calculated, 
simulated, and experimental results. Calculation errors remain 
below 3.95% versus simulations and 4.51% versus experi-
ments. These results fully validate the proposed method for 
horizontal-offset bilateral double-layer shielded circular coils. 
Speed comparisons demonstrate the significant computational 
advantage of the method. The formulation provides crucial 
theoretical support for optimizing horizontal-offset bilateral 
double-layer shielded coil transmission structures. It also faci- 
litates future research on coupling coefficients for multi-layer 
shielded coils at arbitrary positions.

Appendix
Cramer’s Rule Implementation: By applying the boundary 

condition relations given in (21) and (22), we obtain the system 
of equations for the unknown variables:

S = U -1· I                                     (37)

where U is an 18×18 boundary condition matrix, S is an 18×1 
column vector of unknowns, and I is an 18×1 source term col-
umn vector. Take the boundary conditions of the first region as 
an example:

                      (38)

                      (39)

The boundary conditions for regions 2 to 10 are solved in 
the same way. The boundary condition matrix is as follows: 

    (40)

       (41)

      (42)

where E, G, N, U, and V represent nth-order diagonal matrices, 
with the explicit expressions for E, G, and N given below, and 
U and V following analogously to G and N.

            (43)

        (44)

    (45)
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